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ABSTRACT: For nonlinear functions f of a random vector Y, E[f(Y)] and f(E[Y]) usually differ. Conse-
quently the mathematical expectation of Y is not intrinsic: when we change coordinate systems, it is
not invariant.This article is about a fundamental and hitherto neglected property of random vectors of
the form Y = f(X (t)) , where X(t) is the value at time t of a diffusion process X: namely that there
exists a measure of location, called the “intrinsic location parameter” (ILP), which coincides with
mathematical expectation only in special cases, and which is invariant under change of coordinate
systems. The construction uses martingales with respect to the intrinsic geometry of diffusion pro-
cesses, and the heat flow of harmonic mappings. We compute formulas which could be useful to stat-
isticians, engineers, and others who use diffusion process models; these have immediate application,
discussed in a separate article, to the construction of an intrinsic nonlinear analog to the Kalman Fil-
ter. We present here a numerical simulation of a nonlinear SDE, showing how well the ILP formula
tracks the mean of the SDE for a Euclidean geometry.

RESUME: Pour une fonction non linéaire f d’un vecteur aléatoire, E[f(Y)] et f(E[Y]) sont
usuellement difféerents. Par conséquent, |'espérance mathématique de Y n’est pas intrinseque: quand
nous changeons le systéme des coordonnées, elle n‘est pas invariante. Cet article concerne une pro-
priété fondamentale, negligée jusqu’a maintenant, des vecteurs aléatoires de la forme Y = (X (t)) ,
ou X(t) est la valeur au temps t d’un processus de diffusion X: c’est a dire qu’il existe une mesure de
position, nommée le “paramétre intrinséque de centrage” (PIC), qui coincide avec |'espérance
mathématique seulement dans des cas spécifiques, et qui est invariante par changement du systéme
des coordonnées. La construction utilise des martingales en rapport avec la géometrie intrinseque des
processus de diffusion, et le flot de chaleur des applications harmoniques. Nous calculons des for-
mules qui peuvent étre utiles aux statisticiens, aux ingénieurs, et a toute autre personne qui utilise des
modeles fondés sur des processus de diffusion; ces formules se mettent en service a la construction
d’une analogue non linéaire intrinseque du filtre de Kalman, discutée dans un autre article. Nous
présentons ici une simulation numérique d’une EDS non linéaire, qui montre la précision avec laque-
lle la formule de PIC suit la moyenne de I'EDS pour une géometrie Euclidéenne.
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2 Technical Overview

1 Technical Overview

Suppose X is a Markov diffusion process on R”, or more generally on a manifold N. The diffusion
variance of X induces a semi-definite metric [].0on the cotangent bundle, a version of the Levi-Civita
connection I, and a Laplace-Beltrami operator A. We may treat X as a diffusion on N with generator
&+ (1/2) A, where & is a vector field.

For sufficiently small 8> 0, X has an “intrinsic location parameter”, defined to be the non-random
initial value V(, of a I'-martingale V terminating at Xj . It is obtained by solving a system of forward-
backwards stochastic differential equations (FBSDE): a forward equation for X, and a backwards

equation for V. This FBSDE is the stochastic equivalent of the heat equation (with drift &) for harmonic

mappings, a well-known system of quasilinear PDE.

Let {@:N - N,t=0Q be the flow of the vector field £, and let x, = @, (x;) O N. Our main result is
that exp;élV0 can be intrinsically approximated to first order in TXBN by

gy (xg) (M) =7 (9_). (0@, (xg)) o,

where 1, J’ (9 ) a.g ds ar, N ar, N This is computed in Iocol coordinates. More generally,
we find an intrinsic Iocatlon pcrometer for l|J (X5) , if Y:N - M isa C map into a Riemannian

manifold M. We also treat the case where X0 is random.

2 Geometry Induced by a Diffusion Process

2.1 Diffusion Process Model

Consider a Markov diffusion process { X,,t= 0 with values in a connected manifold N of dimension
p, represented in coordinates by
i i P i
dX, = b (X,)dt+ Z o; (X)) dW,, (1)
j=1
where Zb is a vector field on N, 0 (x) = (G (x)) D L (Rp T N) . and W is a Wiener process in

R” We assume for simplicity that the coefficients b, 0/ are C with bounded first derivative.

2.2 The diffusion variance semi-definite metric

Given a stochastic differential equation of the form (1) in each chart, it is well known that one may
define a C~ semi-definite metric [].0on the cotangent bundle, which we call the diffusion variance

semi-definite metric, by the formula

. . Y .
Eixldx Gi= (0 0) " (x) = T 0} (x) o) (x) - @
i=1
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Note that [].0may be degenerate. This semi-definite metric is actually intrinsic: changing coordinates

for the diffusion will give a different matrix (0/’.) , but the same semi-definite metric. We postulate:

Axiom A:  The appropriate metric for the study of X is the diffusion variance semi-definite metric, not

the Euclidean metric.
The p X p matrix ( (o o) ii) defined above induces a linear transformation a (x) :T IN -~ T N,
namely

o (x) (dx) =5 (0 ) 0/0x..

Let us make a constant-rank assumption, i.e. that there exists a rank r vector bundle E -~ N, a sub-
bundle of the tangent bundle, such that E, = range (0 (x)) O T N forall x ON . In Section 7 below,
we present a global geometric construction of what we call the canonical sub-Riemannian connec-
tion 00 for [J.0 with respect to a generalized inverse g, i.e. a vector bundle isomorphism

g:TN = TIN such that

a(x) +g(x)ca(x) =a(x). €)

In local codrdinates, g (x) is expressed by a Riemannian metric tensor (g,) , such that if
o’ = (o), then

ZO( g0 =a. (4)

The Christoffel symbols { I"S/} for the canonical sub-Riemannian connection are specified by (83)
below. The corresponding local connector " (x) O L (TXRP O TXRp;TXRp) can be written in the more

compact notation:

2g (I (x) (ubv)) Ov = Dig (v)lg (W) Xu) +DIg (w)lg (u) Av) —DIg (u)lg (v) w) , ®)

where g (I' (x) (uOv)) is a 1-form, acting on the tangent vector w.

23 Intrinsic Description of the Process

he intrinsic version of (1) is to describe X as a diffusion process on the manifold N with generator
1
=f+zA
L=£+3 ()

where A is the (possibly degenerate) Laplace-Beltrami operator associated with the diffusion variance,

and & is a vector field, whose expressions in the local coordinate system {xl, ...,xp} are as follows:
ij k k 1 ij
A=Y (o) (D~ DY &= RC +33 (o 0)'r} D,. )
iy iy

Note that 5 (¢ (o) rkl has been specified by (2) and (5).
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3 r-Martingales

= . . 2 . . . . . .
Let ' be a connection on a manifold M. An H™ '-martingale is a kind of continuous semimartingale
. . . . 2 . .
on M which generalizes the notion of continuous L~ martingale on RY: see Emery [15] and Darling

[7]. We summarize the main ideas, using global coordinates for simplicity.

Among continuous semimartingales in R, It&’s formula shows that local martingales are character-
ized by

c
loc’

F(X) —F(X) - (1/2) J’Zsz(XS) (dXOdX) OM _, OF0C* (RY), ®)

C
loc

where (dX 0O dX) ""is the differential of the joint quadratic variation process of X' and X', and M
refers to the space of real-valued, continuous local martingales (see Revuz and Yor [24]). For vector
fields &, C on RY ,and w0 Ql (Rq) , the smooth one-forms, a connection I' gives an intrinsic way of

differentiating w along & to obtain

0,00 Q' (RY) .

g
DEQ)DZ is also written [l § [ ) . When w = df, this gives the Hessian

_ j
0df (D, 0D) = D, f~ 3 T,Df
I

where the { I_;.k} are the Christoffel symbols. The intrinsic, geometric restatement of (8) is to charac-

terize a [—martingale X by the requirement that

t 2
F(X) —f(Xp) = (1/2) [ Ddf (X)) (dX D dX) O M., OfOC"(RY) . )
This is equivalent to saying that Mk O Mfoc fork = 1,...,p, where
k k k i
dM, = dX, + (1/2)Zril.(Xt)dD<,XE{. (10)
by

If N has a metric g with metric tensor (g,./.) , we say that X is an H? I-martingale if (9) holds and also
ED(,X[LOEEJ’SZgii(Xt)dD(i,X[E}<oo. an
I

The I-martingale Dirichlet problem, which has been studied by, among others, Emery [14], Kendall

[18], [19], Picard [22], [23], Arnaudon [1], Darling [6], [7], and Thalmaier [27], [28], is to construct
a [-martingale, adapted to a given filtration, and with a given terminal value; for the Euclidean con-

nection this is achieved simply by taking conditional expectation with respect to every o-field in the fil-
tration, but for other connections this may be as difficult as solving a system of nonlinear partial

differential equations, as we shall now see.
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4 Taylor Approximation of a Gamma-Martingale Dirichlet Problem

4.1 Condition for the Intrinsic Location Parameter

Consider a diffusion process {X,,0<t<& on a p-dimensional manifold N with generatorg + EA
where A is the Laplace-Beltrami operator associated with the diffusion variance, and & is a vector field,
as in (7). The coordinate-free construction of the diffusion X, given a Wiener process W on RP , uses

the linear or orthonormal frame bundle: see Elworthy [13] p. 252. We suppose X, = x O N.

Also suppose (M, h) is a Riemannian manifold, with Levi-Civita connection ', and {:N — M is a
C2 map. The case of particular interest is when M = N, ) = identity, and the metric on N is a
“generalized inverse” to 0 [ in the sense of (4). The general case of Y:N - M is needed in the

context of nonlinear filtering: see Darling [8].
Following Emery, and Mokobodzki [16], we assert the following:

Axiom B:  Any intrinsic location parameter for Y (X5) should be the initial value V, of an { D:N} -
adapted H2 I -martingale {V,0<t<d onM, with terminal value V5 = Y (X5) .

This need not be unique, but we will specify a particular choice below. In the case where 0 [0 (x)

does not depend on x, then the local connector I, given by (5), is zero, and V,; is simply E [W (X5)] .
However our assertion is that, when I is not the Euclidean connection, the right measure of location
is Vi, and not E[Y (X5)] . We begin by indicating why an exact determination of V,; is not compu-

tationally feasible in general.

4.2 Relationship with Harmonic Mappings

For simplicity of exposition, let us assume that there are diffeomorphisms ¢:N - R” and M- RY
which induce global coordinate systems {xl, ...,xp} for N and {yl, ...,yq} for M, respectively. By
abuse of notation, we will usually neglect the distinction between x 0N andd (x) O R’ and write x
for both. I (x) ((o [b) (x)) O TXRp is given by (2) and (5), and the local connector

F(y) OL (Tqu O Tqu;Tqu) comes from the Levi-Civita connection for (M, h) .

In order to find {V} , we need to construct an auxiliary adapted process {Z} , with values in

LE{QP;TV RqD, such that the processes { X} and { (V,,Z,)} satisfy the following system of forward-
t

backwards SDE:

t t
X, = xg+ [ b(X)ds+[ 0(X)dW,, 0st<5; (12)

) 1 0=
V. = W (Xy) —J’t ZdwW_ + EJ’t (v (Z,Z)ds, 0<t<3d. (13)
We also require that

d i
E D'O;h,-;(vs) (Z,[(Z,) ds} <o .
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[Equation (13) and condition (14) together say that V is an H2 I -martingale, in the sense of (10)
and (11).] Such systems are treated by Pardoux and Peng [21], but existence and uniqueness of solu-
tions to (13) are outside the scope of their theory, because the coefficient T (v) (z (k) is not Lipschitz

inz.

However consider the second fundamental form Od@ of a c? mapping @:N - M. Recall that
Ode(x) OL(T,NO TXN;T(p(X) M) may be expressed in local coordinates by:

Odo(x) (vOw) = D2(p(x) (vOw) =De(x)T (x) (vOw) + r (y) (Do(x)v OD@(x)w) (15)

for (v,w) O TXRp X TXRp , Y=@(x) . Let & be as in (7). Consider a system of quasilinear parabolic
PDE (a “heat equation with drift” for harmonic mappings - see Eells and Lemaire [11], [12]) consist-
ing of a suitably differentiable family of mappings {u (t,.):N - M} , for t O [0, 9] , such that

ou

X —du[E+%Ddu(0[b),OSts6, (16)

u(0,)) = . an

For x O N, the right side of (16) is du (t,.) [E (x) + %Ddu (t,.) (clo(x)) OT, (t X)M . Following

the approach of Pardoux and Peng [21], It6’s formula shows that

Vi=u(d-t, X)) UM, (18)

Z(®) =du(d-tX,) *0(X,) OLERT, M3 19)
t

solves (13). In particular u (9, XO) = VO. (A similar idea was used by Thalmaier [27].)

4.2.a Comments on the Local Solvability of (16) - (17)
Recall that the energy density of U:N — M is given by

e (W) () =3ldp D dwe @)l5, = %gyhﬁy(w(x))dwﬁ(x) 0dp' ()6 8 (). @

Note, incidentally, that this formula still makes sense when o [T is degenerate. In the case where

0 [ is non-degenerate and smooth, § = 0, and J'e () d(voly) <o, the inverse function theorem
method of Hamilton [17], page 122, suffices to show existence of a unique smooth solution to (16) -
(17) when &> 0 is sufficiently small. For a more detailed account of the properties of the solutions
when dim (N) = 2, see Struwe [26], pages 221 - 235. Whereas Eells and Sampson [10] showed the
existence of a unique global solution when (M, h) has non-positive curvature, Chen and Ding [4]
showed that in certain other cases blow-up of solutions is inevitable. The case where ¢ [T is degener-
ate appears not to have been studied in the literature of variational calculus, and indeed is not within
the scope of the classical PDE theory of Ladyzenskaja, Solonnikov, and Ural‘ceva [20]. A probabilistic

construction of a solution, which may or may not generalize to the case where 0 [ is degenerate,
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will appear in Thalmaier [28]. Work by other authors, using Hérmander conditions on the generator

1
E+§

Hypothesis | Assume conditions on §, 0 [b, Y, and h sufficient to ensure existence and unique-
ness of a solution {u(t,.):N - M,0<t<d} , forsomed ;>0.

A, is in progress. For now we shall merely assume:

4.3 Definition: the Intrinsic Location Parameter

For 0< 8< 9, the intrinsic location parameter of Y (X5) is defined to be u (3, x,) , where x4 = X,.

This depends upon the generator & + %A, given in (7), where A may be degenerate; on the mapping
W:N - M; and on the metric h for M. It is precisely the initial value of an { Drv} -adapted H2 r-
martingale on M, with terminal value V5 = W (X;) . However by using the solution of the PDE, we

force the intrinsic location parameter to be unique, and to have some regularity as a function of x.

The difficulty with Definition 4.3 is that, in filtering applications, it is not feasible to compute solutions

to (16) and (17) in real time. Instead we compute an approximation, as we now describe.

4.4 A Parametrized Family of Heat Flows

Consider a parametrized family {uy, 0<y< 1 of equations of the type (16), namely

Y
%‘ = du’ £ +10du (0 (), 0<t<3, @1)

Jd'(0,) = w. 22)

Note that the case y = 1 gives the system (16), while the case y = 0 gives uO (tx) = w(e(x),
where {@,t=0 is the flow of the vector field &.

In a personal communication, Etienne Pardoux has indicated the possibility of a probabilistic con-
struction, involving the system of FBSDE (46) and (55), of a unique family of solutions {uy} for suffi-
ciently small y = 0, and for small time & > 0, based on the results of Darling [6] and methods of

Pardoux and Peng [21]. For now, it will suffice to replace Hypothesis | by the following:

Hypothesis Il Assume conditions on &, 0 Lo, W, and h sufficient to ensure existence of &, >0 and
Y, >0 such that there is a unique c? mapping (Y,t,x) - u’ (t,x) from
[0,y,] % [0,0,] xN to M satisfying (21) and (22) for each yU [Q vy;] .

4.4.a Notation
For any vector field { on N, and any differentiable map @:N - P into a manifold P, the “push-for-
ward” @, takes the value d@ 0 (x) O TyP aty=@(x) OP; likewise @, (COC") =@ 0@ .

We must also assume for the following theorem that we have chosen a generalized inverse
g:TLN - TN to ¢ [, in the sense of (3), so that we may construct a canonical sub-Riemannian

connection @ for [].00 with respect to g.

We now state the first result, which will later be subsumed by Theorem 4.7.
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4.5 Theorem (PDE Version)

Assume Hypothesis Il, and that 0< 8< 9, . Then, in the tangent space TqJ (x )M ,
5

3 Ody (x5) (%*"'5) + . {0 dog(x) (M) —J'z (05_,) .0 do,(xg) dM}

9 Y (8, x.) = 23)
F) 0 2
y y=0

where {@,t=0 s the flow of the vector field &, x, =@, (x,) , and
t
= .[o (o) *qusds O TXON O TXON . (24)

In the special case where M = N, | = identity, and h = g, the right side of (23) simplifies to the
part in parentheses {...}.

45.a Definition

The expression (23) is called the approximate intrinsic location parameter in the tangent space

TLp (Xa)M' denoted lxo[ljJ (X1 -

4.5b Remark: How the Formula is Useful
First we solve the ODE for the flow { @, 0<t<& of the vector field {, computed u’ (3,xg) /0y at
y = 0 using (23) (or rather, using the local coordinate version (32)), then use the exponential map to

project the approximate location parameter on to N, giving

XPy; (x5) { u (6 Xg) 1 OM. (25)
y=0
Computation of the exponential map likewise involves solving an ODE, namely the geodesic flow on
M. In brief, we have replaced the task of solving a system of PDE by the much lighter task of solving

two ODE’s and performing an integration.

4.6 The Stochastic Version

We now prepare an alternative version of the Theorem, in terms of FBSDE, in which we give a local
coordinate expression for the right side of (23). In this context it is natural to define a new parameter
€, sothaty = 82 in (21). Instead of X in (12), we consider a family of diffusion processes
{XE, €>(0 on the time interval [0,8] , where X has generator § + sZA/Z. Likewise V in (13) will
befreploced by a family {Vs, €20 of H2 I -martingales, with V; =y (Xg) , and

Y

Vo' = u’ (3, x) - Note, incidentally, that such parametrized families of [ -martingales are also

treated in recent work of Arnaudon and Thalmaier [2], [3].

4.6.a Generdlization to the Case of Random Initial Value
Suppose that, instead of X, = xo N asin (12), we have X, = exp, (UO) where U is a zero-
mean random variable in T, N independent of W, with covorlance Z T, N ar, N the last

expression means that, for cmy pair of cotangent vectors 3, A [ T N
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E[(BWy (ALWy] = BOA) [E,.
Now set up the family of diffusion processes {XE, €=0 with initial values
Xg = exp, (eUj) - 26)

_ ~W
Each I -martingale {Vs, 0<t<d is now adapted to the larger filtration {0 ;} = {U :N Ho (U} -

In particular,
-1
PPy (x) Vo

is now a random variable in TlIJ (Xa)M depending on U,,.
4.6.b Definition
In the case of a random initial value X, as above, the approximate intrinsic location parameter of

Y (X5) in the tangent space TqJ (

M, denoted | [W(X5)] , is defined to be
X5) Xgr Zo <]
0 -1 £
— O Efexpt \V ‘ . @7)
Gl (82) [ W) 0} £=0

We will see in Section 6.3 below that this definition makes sense. This is the same as
) 1 O N]}
a—yE [expw(xa)u 0, X 'O

and coincides with | [W (X5)] , given by (23), in the case where =, = 0.
0

y=20
4.6.c Some Integral Formulas
Given the flow {@, 0<t<& of the vector field &, the derivative flow is given locally by
t -1
T =d(g09,7) (x) OL (TXSN;TXtN) , (28)
where x. = @_(x) , for 0<s<d. In local coordinates, we compute TZ as a p X p matrix, given by
t t
T, = exp {LDE (x,)dd}t .
Introduce the deterministic functions

t t ot '~
X, E.ro (9,_) *[].stds = J’OTS (0 o) (xg) (1) dsO TXtN O TXtN, (29)

_ t '~
S =X T (Ty) O TXtN O TXtN . (30)

Note, incidentally, that =

=, could be called the intrinsic variance parameter of X, .
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4.7 Theorem (Local Cooérdinates, Random Initial Value Version)

Under the conditions of Theorem 4.5, with random initial value X, as in Section 4.6.a, the approxi-
mate intrinsic location parameter |, s [W (X5)] exists and is equal to the right side of (23), after
020

redefining
t
n=z, +J’O (o) *D.stds O Ton a TXON. (31)
In local coordinates, 21, s [W(X5)] is given by
o <0
NIRAS = dt + D =) —JT [ (yy) U=
[T [Pa(x) (Z) =T (x) (Lo (x))]dt+ D (xg) (Z5) —ITgl (xg) (2g) +T (vp) U=5/ ) G2

where ys=W (x5) , J=DY(x5) , and =, is given by (30).

4.7.a Remarks

J Theorem 4.7 subsumes Theorem 4.5, which corresponds to the case £, = 0.

. In the special case where M = N, Q = identity, and h = g, formula (32) reduces to:

o)
L5, X = SULTIDE () (5) =T (%) (0O ()] dt—TgT (xg) (Z) +T (xg) (Z9)} - (33)
. In the filtering context [8], formulas (32) and (33) are of crucial importance.

5 Example of Computing an Intrinsic Location Parameter

The following example shows that Theorem 4.7 leads to feasible and accurate calculations.

5.1 Target Tracking

In target tracking applications, it is convenient to model target acceleration as an Ornstein-Uhlenbeck
process, with the constraint that acceleration must be perpendicular to velocity. Thus

(v,a) O R3 x R3 must satisfy v (b = 0, and the trajectory must lie within a set on which HvH2 is con-
stant. Therefore we may identify the state space N with 75°0 R6, since the v-component lies on a

. . 2
sphere, and the a-component is perpendicular to v, and hence tangent to S™.

Within a Cartesian frame, X is a process in R~ with components V (velocity) and A (acceleration), and

the equations of motion take the nonlinear form:

{dv} 2| %3 Ndﬁ{ 0 } (34)
dA P (X) I3 AP (V)| |A YP (V) dW (t)

Here the square matrix consists of four 3 x 3 matrices, A and y are constants, W is a three-dimen-

. X L T T T
sional Wiener process, and if x = (v ,a ),

2 2
P (x) =llal™/[vIl", (35)
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T
P(v) =I-25 OLRYRY), (36)
v
Note that P (v) is precisely the projection onto the orthogonal complement of v in R3 ,and p (x) has
been chosen so that d (V[A) = 0.

5.2  Geometry of the State Space

The diffusion variance metric (2) is degenerate here; noting that P2 = P, we find

0 0
3x3 “3x3
a=clo= * * (37)

) .
O3,3Y P(V)

. . —2 6 . . . . .
The rescaled Euclidean metric g = y “Ig on R~ is a generalized inverse to o in the sense of (3), since
2 6 . . .
P~ = P. We break down a tangent vector { to R" into two 3-dimensional components {, and ¢ .

The constancy of Hsz implies that
P I T R -
(vn, = —{nyv +vn 1} . (38)
Iv]
Referring to formula (5) for the local connector I (x) ,

D Qg () = 525 (v +vn, N, (G6n) DTNXTNXTN.

y'Ivi

Taking first and second derivatives of the constraint v (& = 0, we find that
T T T T
{v*t{,a=0,n,(,+n,, =0. 39

Using the last identity, we obtain from (5) the formula

T T
Zaco + caza

Moo (@og) = 2828V sgmg = | e Thete |, (@)
2l _Zvca _cvza
In order to compute (32), note that, in particular,
2
[ (x) (00 (x) = V—{P(V)}v = H (@1
IvVI“L O 0

53 Derivatives of the Dynamical System

It follows from (7), (34), and (41) that the formula for the intrinsic vector field € is:
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E(x) = { a } (42)
—p(x)v=AP(v)a

. . . 2. .
Differentiate under the assumptions |lv|~ is constant and v [ = 0, to obtain

0 | Zv _vaT
D¢ (x) (Q) = ,Q=—;. (43)
" @Q—p —AP—ZQ} H © Ivl®

Differentiating (43) and using the identities (39),

2 2 0
DEC)(nbQ) = —| 1 T - (44)
IVI®nglov + (E,ng +Nn,4,)a
5.3.a Constraints in the Tangent Space of the State Manifold

Let us write a symmetric tensor X UT, N O T N in3 X3 blocks as the matrix

XVV XVG
XGV XGO

’

where x| = X, . Replacing 0,2 by X,,. and n]2_ by Tr(x,,) , etc., in (44), we find that

va '’ va’

2 _ 2 0
D&(x) (x) = —V—Z[TF(XGG)V“‘ XX G] : (45)

5.4 Ingredients of the Intrinsic Location Parameter Formula

2
Let Y:N - R6 be the inclusion of the state space N OTS" into Euclidean RG. Thus in formula (32),
the local connector T (.) is zero on the target manifold, J is the identity, and DzljJ is zero. When Z
is taken to be zero, the formula for the approximate intrinsic location parameter mg=1_[Xj] for X5
0

becomes:

_1 0
v PLTT o (0¥ (X (8) X ()

tot
m, =1, H,du, H =
o u u t

. . t
where v, and a, are the velocity and acceleration components of x, =@, (x) , for 0<t<d, and T,

and X, are given by (28) and (29). A straightforward integration scheme for calculating (Tz, Xer ™M)

at the same time, using a discretization of [0, § , is:

T, = exp{ 5 [DE(x,) +DE(x)]}

Xe= 52 (010) () +7[x,+ 54 000) (x) | (1),
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.t t—u t—u
mt—-Tu[mu-‘-THu} +7Ht'

Since the local connector is zero on the target manifold, geodesics are simply straight lines, and

X+ IXo [X3l is a suitable estimate of the mean position of Xj.

55 Simulation Results

FIGURE 1 SIMULATIONS OF THE MEAN OF AN SDE, VERSUS ITS APPROXIMATE ILP

x-acceleration: ODE "-", mean SDE +/- 1 s.e. "+", ILP "0"
2 T T T T

-10

12 : : : *
0 5 10 15 20 25

We created 104 simulations of the process (34), with A = 0.5 and y = 5.2x 1(?, on the time inter-
val [0, 1] , which was discretized into 25 subintervals for integration purposes. In each case V and A
were initialized randomly, with magnitudes of 200 m/s and 50 m/s2, respectively. The plot shows the
x-component of acceleration (the other two are similar): the “+” signs represent the mean of the pro-
cess (34) over 104 simulations , with bands showing plus and minus one standard error, the solid line
is the solution {x,,0<t<1} of the discretized ODE dx,/dt = & (x,) , and the circles denote the
approximate intrinsic location parameter (ILP). The reader will note that the ILP tracks the mean of

the process better than the ODE does.
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6 Proofs of Theorem 4.7

The strategy of the proof will be to establish the formula (32) using 1té calculus, and then to show it is
equivalent to (23) using differential geometric methods. While this may seem roundabout, the impor-
tant formula for applications is really (32); converting it into (23) serves mainly as a check that for-

mula (32) is indeed intrinsic. It will make no difference if we work in global coordinates, and identify N
with R® and M with RY .

6.1 Step I: Differentiation of the State Process with Respect to a Parameter

We consider a family of diffusion processes {X‘s €20 onthetimeinterval 0,8] , with initial values
X8 = exp, (EU ) ; here U, is a zero-mean random varlcble inT, N independent of W, with covari-
ance Z, [ T N arT, N and X° has generator § +¢€ A/Z

Note that, in local coordinates, the SDE for X is not ”dXS =b (X:) ds+¢€o (XE) dWs ", because the
limiting case when € = 0 would then be the ODE based on the vector field Zb'Di, which is not the
same as &, which is given by (7). Instead the SDE is

t 2t t
X; = exp, (eUg) + & (X)) ds—¢ ¢ (X5) ds + Ioeo(xﬁ)dws (46)

where we use the notation

1
C(x) =351 (x) (0(x) Lo (x)) . a7
In the case € = 0, the solution is deterministic, namely {x, 0<t<& . Note that, in local coérdi-
nates,
2

€ 2
exp, (Ug) = xg+eUp=5T (xg) (UgO Ug) +0 (£ .

It is well known that, if the vector field & and the semi-definite metric [].00are sufficiently differentia-
ble, then the stochastic processes 0X%/9¢ and 62X£/6£2 exist and satisfy the following SDEs:

X; Opx 0
3% - =U +J’ D&(X)LSDds+J'o(X)dw (48)

et

1)

t I3 t € 2

- + SO + .
ZEIOZ (XS) ds EIODO (Xs) De DdWs O(€);

X Cox®  ox‘ BxE
t 2 t t
?f = =T () (Up O Up) + [ DE(X) B * 0 5-"Hds + [ DE(X() wsgds—zjoz(xj) ds (49)
€ €
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&

bX
+ ZJ;DO(XE) L Haw +0(e)

where O (€) denotes terms of order €. Define

€ 2 ¢

aXt 2 0 Xt
Ne=5¢ NTE— : (50)

€=0 oe €20
Now (48) and (49) give:
dA, = ANdE+0 (x)dW,, Ay = Uy; (51)
2

I = D% ) (AT A) +ANT =20 (x)] dt +2D0 (x) (A) oW, 52

2
AP = T (xg) (U DU,
where A, =Dg (x,) . Let { TZ, 0<s,t<d be the two-parameter semigroup of deterministic matrices

given by (28), so that

N

art

S r r_t
Frie —rtAt, T, = T,T,.

Then (51) becomes d (T?/\t) = T?G (xt) th, which has a Gaussian solution
t tt 0 t t ot
A = T0U0+T0I0TSG(XS) dW, = TOUO+J'OTSG(XS) dW. . (53)
. . . 0,(2, _ 0.2 0
Likewise (52) gives d (T,A\,7) = 1, [D € (x,) (A, OA) —2(x,)] dt+21,D0 (x,) (A,)dW,, whose
solution is

AP = 2l (x) (U0 Uy + J’;ri{ [D?€ (x) (A, OA) —22(x)] ds +2Da (x) (A)dW} . (54)

6.2 Step Il: Differentiation of the Gamma-Martingale with Respect to a Parameter

Consider the pair of processes (Vs, Zs) obtained from (18) and (19), where u is replaced by u®. As
in the case where € = 1, (Ve, Zs) gives an adapted solution to the backwards equation correspond-

ing to (13), namely
E o w8 - 25w+ 1 °F (V) (2 D) d
V= WXg) — [ ZiaW, + 3 [T (VD) (ZE T2 ds.

However the version of (19) which applies here is Zf = pu° (0-t,X,) €0 (X,) , so we may replace

Zi by 8Z:, and the equation becomes
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2
o g O-
Vi = W (Xg) —E[ ZdW + S [T (V) (Z, ) ds. (55)

By the regularity of ut , it follows that aV:/ae , 0Z%/ 0 , 62\/8/682 , and 0228/082 exist, and satisfy

the following equations:

€

av° X0 5 507 5
Tt € LBD_ € _ s € € € 2, .
5o = DY (X - [ ZoaW —e[ S *dW, +e [ T (V) (Z;[Z)ds+ O (e) ; (56)

2
90X e X 0z

Ve Cax &
Tt o € 2y (x5 O03H_ 90
962 D”’(Xé)m[’ 825”) WXs) e Pae 0, 38

O —
AW + I (V5) (Z; ) ds+ O () . (57)

~W
Note also that V? = ys=W(xz) forallt 0[O, 9 . Takel ; = DXV o (Up) . By combining (53) and
(56), we see that, if J =Dy (x5) ,

€
0=t E[JA iw] =120, +Jf %0 (x ) dW_; 58
t~ e - 6‘ t | 77070 Ios Xs s’ (58)
=0
72 = 1lo(x) . (59)
Define
2 ¢
o’V
2
et( ) E72t (60)
oe _
e=0

2 2 S — 0 0 ~ W
_ E[J/\é )+ D% (x) (AgO A + [T (v (2] ) ds DtJ 1)

From (54) and (61) we obtain:

0? = — 1l (xp) (U, 0 Uy) +JE{{J’2TS[DZE (x) (A, OA) =20 (x)] ds} uo}

+ E{{Dzw (x5) (NgOAg) + sz (vs) (z? EZS) ds} uo}

The expected value of a quadratic form r]TAr] inan Np (1, £) random vector N is easily computed to
be ZAI'/'ZU + uTAu. In this case,

t
n=A, DNP (toUg X
where X, is given by (29), so we obtain

07 = —JTir (x) (Uy0 Uy +1Uf)rf[Dzz (%)) (X¢) + D7 (x)) (TgUp 0 ToUg) —22 (x)] ds|
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+ D% (x5) (Xg) + D (xg) (1oU O ToUQ) +T (vg) (UXg') - (62)

6.3 Step Ill: A Taylor Expansion Using the Exponential Map

Let y= = (x5) , and define B(€) =E [exp_lvq . Referring to (27), we are seeking dp3/ 682‘ _a.lt
) <} ys O €=0

follows immediately from the geodesic equation that

D(exp,) " () (W) = w, D (exp) " (v) (vOw) =T () (vOw) (63)
It follows from (58) and (62) that

2
Vg = y5+thgUO+§2—eéz) +o (82) )

A Taylor expansion based on (63) gives
-1, £ £ 1= £ al, e il
eXpyavo = VO_Y6+§|_ (Y5) ((VZ—Ys) U (VO_Yg;)) +ODHV0_Y5H O

2
o) € 2 = d d 2
= er0u0+§{eé V4T (yg) (JToU, D ITU} +o (€9 .

Taking expectations, and recalling that U has mean zero and covariance £, 0T NUT, N, we
0 0
obtain
g 2, .= 0.5 3,7l 2
B(e) = S{E[Oy ] +T (v5) D12 (Tp) % +o(e)
dg -
It follows that == = 0, and hence that
de €= 0

2
0 1d
_B(e)],_, = SE

3 (£ 2de?|__,

= SLELOP) +7 (1) gz, Uy
= ZULTIDE () (x) =T (x) (010 (x)] ds + DU (xg) (Xg) +T (v5) Uxs))

HIPTD%E (x,) () ds =gl () (39) +D7W(xg) (5 +T (yp) UZ)1) }

-
where X_= TZZO (TZ) . If we write

(64)

then the formula becomes
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2ULTIDE (x) (2)]1ds+ D2 (xg) () +T (v) U=/}

1 [ 5
SO () (0()) ds + 10T (xg) (Z) -
This establishes the formula (32). O

6.4 Step IV: Intrinsic Version of the Formula

It remains to prove that (23), with I'It as in (31), is the intrinsic version of (32). We abbreviate here by
writing Y ¢ @, as Y, . By definition of the flow of &,

0
S, (xg) = AU E (@, (xp))
and so, differentiating with respect to x, and exchanging the order of differentiation,
0 0
5D, (xg) = DRsW, (xg) (€5)
or, by analogy with (28), taking 8 =Dy, __(x) = DW(x) * D (@,* ¢, (x) = DY (x)T.,

t t
OTS t aes t
Fril D& (x) 1 3 - Dy (x,) « D& (x,) 1, (66)

. ot o o_t ot ) . . L. .
Since 1,7, = Ty, we have 6,1, = DY (x5) T, T, = 8, which upon differentiation yields

[9eD Dot
O tOt = _g%0 %0 = _gd t
Dot 00 trpe 0 - 0 PEOI To
which gives
ot 267

)
= —8,DE (x,) - (67)

-
1
~
-~
Fall
—~
X
~
~
|

A further differentiation of (65) when U is the identity yields
0 ~2 2 t t 2
%&D 0, (x5 (vOw) = D (x,) (Tgv O Tgw) +DE (x,) D@, (x) (v Ow) . (68)

Combining (67) and (68), we have
2.(87D%9, (x)) = ~8,DE (x) D’q, (xg) + 8 {D7E (x) (T5() DT, () +DE (x) D70, (xo)}

0,02 5.2 t t
a(GtD 0} (xo)) (vOw) = etD E(xt) (Tov O TOW) . (69)

The formula (15) for O d(pt can be written as
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[ dg,(xg) (vOw) = D°@,(xg) (vOw) —Tol (xg) (vOw) +T (x.) (Toy 0 Tow)
It is clear that
GRS 9 .5
5 (6; T (xg) = 5: (80T (xg)) = 0.

Hence from (69) and (70) it follows that

2L W5 .0 do,(xt (vOw) = 2{6)1D%0,(xp) (vDw) +T (x) (tgy D tgm1}

5.2 t t 0 0 t t
= 6,078 (x) (tov U 1ow) +a{ 0,1 (x) (tov U tgw)} .
The last term in (71) can be written, using (66), as
0,0 t t 5 0 t t t t 0O
a{ Gt r (Xt)} § ov TOW) + et r (Xt) < (Xt) TvUtgwH v D& (Xt) o0

forvOwOT NOT_ _N.Wewill replace v 0w by
0 0

n=120% =5+ %0cm %TsOT NOT. N
5= (1) = 0+I0Ts(0 ) (x)) (T5) ds Xo Xo

-
where =, =X, + TBZO (Tg) . Observe that
tn oy == 0T NOT.N
M, (1)) =0 X, a N

Moreover from (74) and (66), it is easily checked that

d=, o T
a = (0 Eb-) (Xt) +DE (Xt) :t+:t{DE (Xt)} .

It follows from (71) - (75) that

d g
ﬁ{ (Ws_p) .0 do,(xg) (MY} =W 5_) .0 do,(xp) 0 O - a{ (W5_) .0 do(xx)} O))

= 607 () + 2180 (e} | (20 +60T () [DE ()=, +2,(0E () )
= u

Cg=
= 607 () + 2180 (e} | (20 + 80T () B - (07) (x)

= 80D’ (x) (Z) ~6;T (x) ((510) (x)) + 28T (x) (5} -

(70)

(71)

(72)

(73)

(74)

(75)
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Since O d@, = 0, it follows upon integration from O to d that in TqJ (x )M ,
d

W13 s (xg) (M) [ (W5_ ). (1 d, (xp)) drl, =

DY (x) {1 IDE () () =T (x) ((978) ()1 dt+T (xg) (S ~ToT (k) (S} - (0
However the formula (15) for Udy (x5) (v w) can be written as

D’ (xg) (v Ow) —JT (xg) (vOw) +T (yg) (v OJw) . a7

where y5 = (x5) , and J =Dy (x5) . We take v w == 5[] TXEN O TxéN, and add (76) and (77):

JEIDE () (2) =T (x) ((510) (x))] ot + D70 (x) (Zp) ~JTgT (xg) (Z9) +F (yg) U=

o
= Hdy (x5) ((95) 1) + {1 dos(xp) (M) -1, (05_4) . (O do,(xp))dy} .
The equivalence of (23) and (32) is established, completing the proofs of Theorems 4.5 and 4.7. ()

7 The Canonical Sub-Riemannian Connection

The purpose of this section is to present a global geometric construction of a torsion-free connection
@ on the tangent bundle TN which preserves, in some sense, a C2 semi-definite metric [].0on the
cotangent bundle TN induced by a section 0 of Hom (RP;TN) of constant rank. In other words,
we assume that there exists a rank r vector bundle E - N, a sub-bundle of the tangent bundle, such
that E_ = range (0(x)) OT N forall xON.

Given such a section g, we obtain a vector bundle morphism a:TLN — TN by the formula
a(x)=a(x)s1e0(x)U, xON, (78)

0
where 1: (Rp) — RP is the canonical isomorphism induced by the Euclidean inner product. The rela-
tion between o and [].Ois that, omitting x,

U (N) =ALD OuOTON. (79)

7.1 Lemma
Under the constant-rank assumption, any Riemannian metric on N induces an orthogonal splitting of
the cotangent bundle of the form

TN = Ker(a (x) OF,, (80)

where F - N is a rank r sub-bundle of the cotangent bundle on which [].0is non-degenerate. There
exists a vector bundle isomorphism a°:TLN — TN such that F, = Ker(a°®(x) —a(x)), and

-1 . . .
a° (x) ~ is a generalized inverse to O (x) , in the sense that
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a(x)sa®(x) Tea (x) =a(x).

Proof: For any matrix A, range (A) = range (AAT) , and so range (a (x)) = range (o (x)) . It fol-

lows that

dim Ker(a (x)) = p—dimE = p—r.
Given a Riemannian metric g on N (which always exists), let [].[3 be the dual metric on the cotan-
gent bundle. Define

F ={60TLN: BAJ® =0 OAOKer(a(x))} .

We omit the proof that F — N is a vector bundle. Since dim Ker (a (x)) = p —r, it follows that
dimF_ = r; since the rank of L].Uis r, we see that B]61>0 for all non-zero 8 O F, . This shows that
[].Ois non-degenerate on the sub-bundle F - N .

Now (80) results from the orthogonal decomposition of TX[N with respect to [].9 . Hence an arbi-
trary A O TXEN can be decomposed ash =\ (A, , with Ag O Ker (a (x)) and\ ; OF, . The metric
(0.0 induces a vector bundle isomorphism B:TLN — TN, namely

HIB(N) =MAD, OuOTION.
Now define a°:TLN — TN by
a® (M) =B(Ay) +a(Ay).

It is clearly linear, and a vector bundle morphism. Since B is injective,

{(AOTIN:a°(\) =a (M)} = A OANOTIN:B(A) =0 =F,,

X

which shows that F = Ker (a® (x) —a (x)) . To show a° is an isomorphism, it suffices to show that
a® (M) #0 whenever A #0. When Aj# 0, non-degeneracy of [].03 implies that

Ap® (A) = DA + A JA 0= AJAO 20,
On the other hand when Ay = 0, and A; # 0, non-degeneracy of [].LJon F - N implies that
A (A) = A (A = A 020.
Hence a®:TLN — TN is a vector bundle isomorphism as claimed. The generalized inverse property

follows from the fact that o (x) * a° (x) . a(x) A) =A,. O

7.2 Proposition

Suppose O is a constant-rank section of Hom (Rp;TN) , inducing a semi-definite metric [].0on TN
and a vector bundle morphism o:TEN — TN as in (78) and (79). Suppose furthermore that
a°: TN — TN s a vector bundle isomorphism such that o (x) * a° (x) -1, a(x) =a(x),asin
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Lemma 7.1. Then TN admits a canonical sub-Riemannian connection 3 for [].[J with respect to
a°, which is torsion-free, and such that the dual connection 0 preserves [].0in the following sense:

for vector fields V in the range of o, and for 1-forms 8, A which lie in the sub-bundle F =Ker (a° —a),
VBIAD= 06A+ B|0 AL 81)
[Here ﬁze W = Z(6W) -813 ,W.] Forany I-forms 6, W, A, and corresponding vector fields
Y=a°(8), Z=a®(n), W=a®(A),

the formula for O is:
pm W= %{Y[A|MD+ Wueo-ZmA+ A O[Z, Y] +u 0y, w] —e0(W, 2]} . (82)

7.2.a Expression in Local Coérdinates

Take local codérdinates for N, so that a° (x) s represented by a matrix (g,,,) , and o (x) bya

matrix (a/k) , Where by Lemma 7.2,

rm im

ik
kZa 9,0 =a
, r
Take Y= a/ax,., W= a/axl., and Z = 6/0xk in (82), so that g = ngsdxs, etc.; (82) becomes

rs

s _1 0 rs 0 rs 0
D196 = 52 1500900 9g) +5-(9;,0 7 gg) _aTk(gira 9s)} - (83)
S r,s i ]

When [J.Ois non-degenerate, then ZQI.rO(rs = 57, and (83) reduces to the standard formula for the

Levi-Civita connection for g, namely "

bg., 0g., 0g.l
Zl_f.gsk = l'nglk+&k_iD )
£ 2 Dx; ax/. ox,[]
7.2.b Remark
A similar construction appears in formula (2.2) of Strichartz [25], where he cites unpublished work of
N. C. Ginther.
7.2.c  Proof of Proposition 7.2

First we check that the formula (82) defines a connection. The R-bilinearity of (Y, W) - O W is
immediate. To prove that O fW = 03 (W + (YH) W forall £ c” (N) , we replace W by fW and A
by fA on the right side of (82), and the required identity holds. Verification that (82) is torsion-free is

likewise a straightforward calculation.

Next we shall verify (81). By (79), and the definition of duality, taking V=a (8) ,
WEZ ya(A) = V(rm @A) -Oyum () = VRo-80 0

Switch W and A in the last expression to obtain:
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A ya(n) = VRRO-ROyN0
Taking U=a (1) and S=a (M) , we see that
VpO- A0 yut- OyAD= p 0 S+A M U -VRuO (84)

In terms of the splitting TX[N = Ker(a(x)) UF, of Lemma 7.1, we may write 6 =8, +8,, etc., and
we find that, if V=0a (8) , then V = a (8;) = a°®(0,), etc. It follows from (82) that

1
My 003 S = 5 { VIJ, O SE,[0,0- UBA O A, O[U, V] + 1y IV, S] =8, OIS, U]} ;

1
Ay (09 U = 5{ VA1 O U8, 0SB, 0+ g O[S, V] + A DIV, U] =6, [V, ST}

To prove (81), we can assume )‘0 = Mo = 0, and now the right side of (84) becomes
My, S+A 0 U-VIRA 0= 0,

as desired. O

8 Future Directions

We would like to find out under what conditions on §, 0 [0, Y, and h the system of PDE (16) - (17)
has a unique solution for small time, other than the well-known case where ¢ [ is hon-degenerate,
and & = 0; likewise for the parametrized family (21) - (22). It is likely that the conditions will involve
the energy of the composite maps {{* @,0 <t< & . Both stochastic and geometric methods should
be considered. Another valuable project would be to derive bounds on the error of approximation
involved in the linearization used in Theorem 4.7. This is likely to involve the curvature under the diffu-
sion variance semi-definite metric — see Darling [9].
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